• There are infinitely many pairs of compact metrizable abelian groups (G, H) which do not have stable homomorphisms.
Let p be a prime. Put
the direct product of finite cyclic groups Z/(p n ), H = Z p , the group of p-adic integers with p-adic metric | · | p , f n (x) = x n ∈ Z ⊆ H, for x = (x n ) ∈ G.
Then f n : G → H is a continuous p −n -homomorphism; nevertheless sup x∈G |f n (x) − ϕ(x)| p ≥ 1 for every homomorphism ϕ : G → H (and not just a continuous one).
Positive results
Theorem 0. (Kazhdan [1982])
If G is an amenable group and H = U (X) is the group of unitary operators on a Hilbert space X then the pair (G, H) has stable homomorphisms.
• For sufficiently small ε > 0, any continuous ε-homomorphism G → H is 2ε-close to a continuous homomorphism G → H.
• If H = U (1) then any continuous ε-homomorphism is even ε-close to a continuous homomorphism G → H (Cabello Sánchez [2000] , Mačaj and Zlatoš [2005] ).
Positive results can also be obtained introducing a kind of control of continuity for (partial) maps G → H.
Definition 2. Let G and H be two topological groups.
• A (G, H)-continuity scale is any mapping Γ :
where is B a basis of the filter of neighborhoods
and
• A function f :
for all x, y ∈ D and U ∈ B.
Fact. A family of functions G → H is equicontinuous iff it is Γ -continuous w.r.t. some (G, H)-continuity scale Γ . 
Let
• G, H be compact topological groups, and
The standard proof is based on the Arzèla-Ascoli theorem.
Nonstandard proof is shorter.
Both use compactness of G, H in an essential way.
What about locally compact groups?
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Even for discrete abelian G and compact abelian H the obvious generalization fails.
•
) endowed with the discrete topology is locally compact;
• take H = Z p .
• For any basis
• The p −n -homomorphisms f n : G → H are far from any homomorphism
The compact-open topology, i.e., the topology of uniform convergence on compact sets, does the job.
Definition 3. Let G, H be topological groups, D, E, S ⊆ G and U ∈ O H .
for all x, y, ∈ S whenever xy ∈ S.
• Two functions f :
Uniform stability,
i.e., stability with respect to the topology of uniform convergence,
• deals with approximation of continuous mappings G → H by continuous homomorphisms G → H.
Stability on compact sets,
i.e., stability with respect to the compact-open topology,
• deals with approximate extension of continuous partial mappings S → H, with compact S ⊆ G, to continuous homomorphisms G → H.
• For discrete groups it includes the topic of extension of partial homomorphisms S → H, with finite S ⊆ G, to homomorphisms G → H.
Theorem 2. Let
• G, H be topological groups, G locally compact, H be arbitrary,
• Γ be a (G, H)-continuity scale, and
• Σ ⊆ G × H be a stalkwise compact bounding relation.
Then
• for each compact set S ⊆ G and each V ∈ O H
• there exist a compact R ⊆ G and a U ∈ O H , S ⊆ R, U ⊆ V , and
• is (S, V )-close to some continuous homomorphisms ϕ : G → H.
Stalkwise compact bounding relation means
Σ{x} = {v ∈ H | x Σ v} is nonempty and compact for each x ∈ G.
Σ-bounded means f ⊆ Σ, i.e., f (x) ∈ Σ{x} for each x ∈ R.
Standard proof makes use of the Arzèla-Ascoli theorem and of projective limit of the system of groups of continuous functions C(R, H), over the (upward) directed set (K G , ⊆) of all compact subsets of G,
Sketch of the proof using NSA.
Embed the situation into a "sufficiently" saturated nonstandard universe.
• Assume the contrary and fix some G, H, Γ , Σ, and S, V , witnessing it.
• Then for any
• for every continuous homomorphism ϕ : G → H
• one can find an x ∈ S satisfying f (x)
• They give rise to a C ∈ *
• Thus F is S-continuous and maps ns( * G) into ns( * H).
• Hence a continuous homomorphism ϕ : G → H is well defined
• Then F (ξ) ≈ * ϕ(ξ), for each ξ ∈ ns( * G), contradicting
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• G, H be (discrete) groups and • Σ ⊆ G × H be a "stalkwise finite bounding relation" (i.e., Σ{x} is nonempty and finite for each x ∈ G).
Then
• to each finite set S ⊆ G
• there exists a finite set R ⊆ G, S ⊆ R, and
• for every Σ-bounded partial homomorphism f : R → H
• there is a homomorphism ϕ : G → H such that
15 Corollary 2. Let
• G, H and Σ be as in corollary 1, and
• S ⊆ G be a finite set.
Assume that either
• H is injective with respect to some class of groups containing G.
• there is an n ∈ N such that
• every Σ-bounded partial homomorphism f : S n → H
• extends to a homomorphism ϕ : G → H.
Neither the continuity scale Γ nor the bounding relation Σ can be omitted from the formulation of theorem 2; not even in the purely extensional case.
• Take the abelian groups G = Q, H = Z with the discrete topology.
• Every partial function from a subset of Q to Z is ∆-continuous w.r.t.
the discrete (Q, Z)-continuity scale ∆.
• The compact subsets of Q are exactly the finite ones and
• each finite set R ⊆ Q generates a cyclic subgroup R ∼ = Z of Q.
• For R ⊆ Q containing an a = 0 there is even a homomorphism h : R → Z such that h(a) = 0 (and not only a nonzero partial homomorphism R → Z).
• However, there is no homomorphism Q → Z except for the trivial one.
Stability of characters of LCA groups
G is a locally compact abelian group (LCA group).
U (1) ∼ = R/Z is the multiplicative group of complex units (with the invariant arc metric |arg(a/b)|).
Continuous homomorphisms G → U (1) are called characters of G.
• By Theorem 1, characters of G are uniformly stable among continuous maps G → U (1).
• By Theorem 2, characters are stable on compact subsets of G among Γ -continuous maps G → U (1) for any (G, U (1))-continuity scale Γ .
• Do we need the continuity scale Γ ?
• Not in this case!
